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Quantitative methods for individualizing and optimizing the dosage regimen and clinically monitoring each patient are
desirable to insure that each patient can obtain effective therapeutic benefit while minimizing undesirable side effects.
This is of special concern for medicines that are expensive or whose toxic side effects are severe (e.g., oncological
agents). The optimal dosage regimen for an individual is a combination of dose amount and/or dosing interval (i.e.,
time between doses) which minimizes the risk that the drug exposure deviates from the desired therapeutic window. The
therapeutic window is defined as the range of drug exposure (e.g., blood concentration, area under the curve concentra-
tion-time) which is below a threshold defining an acceptable toxic side effect and above a threshold defining a minimum
acceptable level of therapeutic efficacy. In this work, the dosage regimen optimization problem defined in terms of gen-
eral pharmacometric models (i.e., described by differential-algebraic equations) is presented and a solution approach
outlined which uses a scenario-based stochastic optimization formulation that minimizes a risk metric. The scenarios
are derived from the posterior joint probability distribution of the individual's pharmacometric parameters which is
obtained following an approximate Bayesian inference approach. A Smolyak rule is used for the selection of the scenar-
ios (i.e., combination of pharmacometric parameters) to be considered and for computing the approximation to the risk
metric. Two case studies, gabapentin and cyclophosphamide, are presented to elucidate the advantages and limitations
of the proposed approach. The numerical results demonstrate that low risk optimal solutions can be generated via the
proposed stochastic optimization; while significantly reducing the computational burden in comparison with the conven-
tional Markov chain Monte Carlo—grid search approach. This partially alleviates implementation issues preventing the
deployment of dosage regimen individualization in clinical practice. Since stochastic optimization has been extensively
used in other domains, the approach for uncertainty characterization proposed in this work may have general relevance
beyond the pharmacometrics domain. © 2013 American Institute of Chemical Engineers AIChE J, 59: 3296-3307, 2013
Keywords: pharmacometrics, dosage regimen individualization, uncertainty characterization, stochastic optimization,
NLP, MINLP

Introduction relationship between drug concentration and therapeutic
effect.

Practicing clinicians are aware of the wide variability
among patients in therapeutic responses to a given dose of
any particular drug and recognize that this variability may
be explained by population pharmacokinetic and/or pharma-
codynamic differences.” The study and incorporation of these
differences in dosage regimen design is especially relevant
for those drugs that have tight therapeutic windows and
highly toxic side effects. The standard “one fits all” dosing
regimen for such drugs is likely to result in (1) ineffective
use of the drug and no therapeutic response or (2) adverse
drug reactions with additional costs due to overmedication
and in some cases even substantially diminished patient
quality of life. A systems approach can provide suitable tools
to support drugs prescription and ultimately improve the
therapeutic outcomes for individual patients. A sample of

some relevant research focused on dosage regimen individu-

Correspondence concerning this article should be addressed to J. M. Lainez- alization is presented next
Aguirre at jlainez@purdue.edu .

Researchers in process systems engineering (PSE) are
actively contributing to the solution of problems arising in
physiology and clinical medicine that can be addressed by
model and optimization-based methodologies that are native
to PSE.! One such area of application is the growing research
directed at providing improved approaches to individualized
drug treatment using pharmacometric models. Briefly, phar-
macometrics deals with the interpretation of data generated
during clinical trials and on-going drug administration using
mathematical and statistical methods so as to support decision
making in drug development and patient care. Pharmacomet-
rics can be divided into two major areas, pharmacokinetics
(PK) and pharmacodynamics (PD). The former studies how
the body handles a drug by describing the time course of drug
concentration in the plasma; while the latter describes the

In order to build an individualized patient-specific model,
© 2013 American Institute of Chemical Engineers Jellife et al.® estimated PK parameters for individuals by
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minimizing the combination of deviations from population
parameters and predicted plasma concentrations. They sug-
gested that adaptive control could be then used to specify a
dosage regimen which would achieve the desired therapeutic
goal. Subsequently, Mehvar* showed how PK principles
could be used to design dosage regimens so that the average
of plasma concentration at steady state achieved an estimated
target. Salinger and coworkers™® determined individualized
second doses of a cancer agent treatment to achieve a target
area under the concentration-time curve. They proposed the
use of a maximum a posteriori approach for this purpose.
Lainez et al.” showed how a feasible range for a specific
drug can be determined which would achieve an acceptable
level of risk of over and under medication. This approach
used the posterior distributions of parameters obtained from
a Markov chain Monte Carlo (MCMC) computation and can
be applied for those PK models for which the dose variable
can be isolated from the administration interval effect.
Research has also been reported on individualizing therapies
which make use of control methods. For instance, Bayard
et al.® presented a stochastic control framework for determin-
ing dosage regimens based on models with linear dynamics
and quadratic cost assuming discrete distributions of the
model parameters. Ji et al.’ proposed a weighting function to
penalize drug exposures that range outside of the therapeutic
window. They also used a stochastic control framework with
discrete probabilities for the parameters. A nonlinear model
predictive control algorithm was developed to dose individu-
alization of the chemotherapeutic agent tamoxifen by Florian
Jr. et al.'” The PK and PD parameters were fitted by mini-
mizing the classical square of the differences between pre-
diction and observations. Noble et al.'' developed an
adaptive model predictive control strategy for the dosing of
the chemotherapeutic agent 6-mercaptopurine. The model pa-
rameters are fitted by minimizing the weighted squared dif-
ferences between prediction and observations. More recently,
Sopasakis and Sarimveis'? proposed a finite impulse
response model to fit experimental PK data and employed
this model within an optimal control framework.

Most of the works to date for determining individualized
dosage regimens are based on the use of point estimates or
simplified approximations to the probability distributions of
the pharmacometric parameters. The work described in the
following sections proposes a dosage regimen individualiza-
tion strategy which relies on the probability distributions of
parameters for an individual which are generated by using
approximate Bayesian inference. These distributions are used
in a scenario-based stochastic optimization formulation
which seeks to minimize a side risk metric. In addition, the
framework is general enough to accommodate a wide variety
of pharmacometric models. For those models described by a
set of differential algebraic equations (DAE), orthogonal col-
location on finite elements is employed. A Smolyak quadra-
ture rule which has proved to be efficient for multivariate
cases is used for the approximation of those model equations
involving the posterior probability distribution.

The rest of the article is organized as follows. Section
entitled The Proposed Bayesian Framework for Dosage Reg-
imen Individualization describes the approach that has been
recently suggested for dosage regimen design. We point out
the contribution of this work to its further development. In
Section entitled The Dosage Regimen Individualization
Problem, the proposed stochastic optimization approach is
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mathematically posed. An approximation to this problem so
that it can be solved as an Nonlinear program (NLP)/Mixed
Integer Nonlinear program (MINLP) is presented in subsec-
tion entitled A discretized stochastic optimization. Next, two
case studies are presented to highlight the capabilities of the
proposed optimization framework. Finally, some conclusions
are drawn and directions for future research suggested.

The Proposed Bayesian Framework for Dosage
Regimen Individualization

In this article, we report on further advances in the develop-
ment of the Bayesian framework for dosage regimen individual-
ization that was proposed in our earlier work.” That framework
is divided into three stages as depicted in Figure 1. The first
stage comprises the use of clinical trial data for constructing the
joint probability distribution of the pharmacometric model pa-
rameters for the population. Based on this distribution a proce-
dure was proposed for determining a minimal sampling
schedule (i.e., number of samples and their corresponding col-
lection times) to obtain well characterized pharmacometric pa-
rameters for a new patient. This first stage constitutes an offline
analysis procedure as it is performed just once to formalize the
prior knowledge represented by the clinical trial data.

In the second stage, an individualized joint distribution is
computed for a new patient using the population distribution
and the data collected for the individual following the sam-
pling schedule suggested in stage I. This individualized dis-
tribution of pharmacometric parameters is used in stage III
to compute a dosage regimen that results in a drug exposure
profile that falls within the desired therapeutic window. The
second and third stages are repeated for each new patient for
whom the dosage regimen is to be individualized. The objec-
tive of the research reported in this article is to pose the dos-
age individualization problem of stage III (cross-hatched
area in Figure 1) as a constrained stochastic optimization
formulation and to present and discuss approaches to its so-
lution. Therefore, for purposes of this work, we assume that
the individualized posterior distributions (i.e, the output of
stage II) have already been determined.

A general representation of pharmacometric models

In general, a pharmacometric model can be described by a
set of differential-algebraic equations of the general form

3, )=f (x(u, ¢,1))

B0 .1),0.)
b1, 6) =0
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where j is the vector of predictions, while /" is a vector func-
tion relating the state variables x to the predicted values. ¢ rep-
resents the vector of uncertain pharmacometric parameters and
u is the vector of control variables such as dose amount and
administration interval. These control variables are the ones we
are interested in optimizing. The vectors of differential and
algebraic equations that define the predictive model are ¢ and
A, respectively. The vector of initial conditions is given by x,.

Bayesian inference

In accordance with Bayes’ theorem (Eq. 2), the posterior
belief about the model parameters involves considering the
new data obtained from experiments (D), and the prior belief
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Figure 1. Schematic of the proposed Bayesian framework for dosage regimen individualization.”

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

represented by the prior distribution p(¢) (e.g., a distribution
of pharmacometric parameters for the population). The prob-
ability that the experimental outcomes (D) are explained by
the model (Eq. 1) and a specific set of values for the phar-
macometric parameters (¢) is captured by the likelihood
function (L(D|¢)).

L(D|$)p(¢)

plop)===08

2

As data D becomes available for each new patient this in-
formation is processed to form an individualized posterior
distribution p(¢|D) for the pharmacometric parameters using
Bayes’ theorem. In this manner, the uncertainty associated
with the pharmacometric parameters for that individual is
characterized.

The most commonly used method for Bayesian inference
is MCMC sampling.'® One of the advantages of the MCMC
approach is that once convergence is achieved the samples
are drawn from p(¢|D). However, MCMC can be very com-
putationally demanding for large and complex models, for
example, for those that involve a set of nonlinear differen-
tial-algebraic equations.'* An alternative to MCMC are the
family of variational Bayes’(VB) methods. They approxi-
mate the posterior distribution using a given structure and
their accuracy depend on how appropriate this assumption is.
Nonetheless, they have the potential to offer an attractive
trade-off between computational cost and accuracy.

Variational Bayes’ Approximation. VB methods trans-
late the Bayesian inference into an optimization problem by
approximating the posterior distribution using a known dis-
tribution form (e.g., a family of Gaussian distributions). The
methods are based on the separability of the logarithm of
p(D) into two elements as shown in Egs. 3 to 5.
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Here, ¢(¢|0) is the parametric probability distribution that
approximates the posterior distribution p(¢|D). 0 is the set
of parameters characterizing ¢ (e.g., mean and covariance
for a Gaussian distribution). If ¢(¢|0) is free to be any prob-
ability function, then the maximum lower bound (£) is
obtained when the Kullback-Leibler (KL) divergence is zero.
This occurs when ¢(¢|0) exactly matches the posterior distri-
bution.'> Then, minimizing the KL divergence is equivalent
to maximizing the lower bound (£). Therefore, the set of pa-
rameters 0 is determined as that which maximizes £. Lainez
et al. (submitted) develop a decomposition strategy to deal
with the variational inference of models that are described
by a set of DAE (Eq. 1). For purposes of the present work,
the VB approximation is advantageous as it generates a
probability density function for the characterization of the
uncertain parameters instead of the collection of samples
that MCMC methods provide. This facilitates the selection
of the scenarios to be incorporated into the stochastic
optimization as will be later discussed.

The Dosage Regimen Individualization Problem

The goal of dosage regimen individualization is to select
the dose amount (Dose) and/or administration interval (),
which are represented by the control variables # in the gen-
eral pharmacometric model, so that the risk of drug exposure
(e.g., drug concentration in blood, areas under the curve
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concentration-time) departing from the desired therapeutic
window is minimized. The therapeutic window is defined as
a range of drug exposure [TW’,TW"], which is below a
threshold defining an acceptable toxic level TW" and above
a threshold defining a minimum acceptable level of efficacy
TW!. In order to mathematically pose this problem, a binary
variable p is defined as shown in Eq. 6. This variable takes
the value of O if the predicted drug exposure j is inside the
therapeutic window, and 1 otherwise. Then, the dosage regi-
men optimization is formulated as given by Eq. 7 where the
risk is defined as the expected value of p.

_f0, if TW < j(u,¢) < TW"
plu. ¢)_{ 1, otherwise ©
min {Risk =Jp(¢\D)p(u, ¢)d¢} @)

¢

subject to Egs. 1 and 6

A discretized stochastic optimization

For computational purposes, an approximation to the opti-
mization problem represented by Eq. 7 can be readily con-
structed, which translates the problem into an MINLP. To do
so, a discretization of time ¢ and of the integral involving the
probability distribution p(¢|D) is carried out. The former is
accomplished using orthogonal collocation on finite elements
and the latter by using a scenario based approach. For this
problem, each scenario s represents a different set of phar-
macometric parameters.

Orthogonal Collocation Approach. The idea behind this
well-known approach is to approximate the profiles of
state variables (x) by subdividing their domain into a set of
finite elements and using Lagrange polynomials to describe
the profile within each element. Then, the state profile is fur-
ther discretized using a finite number of collocation points
within each element. For further details the interested reader
is directed to the work of Cuthrell and Biegler.16 The model
described by Eq. 1 can be then discretized as follows

Z Zecs‘éel' (te(") :g (xec/w u, ¢x> Ve, Cl? S (8)

Z H ([ec"” Tl )

p e \"# m
Loc(toem) = Ve,c 9
( ) H (Tec_te(-’)
' #c
D demresbemrelte) =g, Ve>2,s (10)
D(fpess 4, P5)=0 Ve, c,s (11)
Lits=%o (12)

j}is:f (Z Xe('xZL’L'(tf)) Vive € E,‘,S (13)

Equations 8 and 9 are for the discretization of the differ-
ential equations. Equation 10 imposes the state profile conti-
nuity between elements. The algebraic constraints of the
model are evaluated only in the collocation points as
expressed by Eq. 11, while Eq. 12 fixes the initial conditions
at the first collocation point on the first element. Equation 13
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computes the predictions for selected times. E; represents the
element in which ¢; is located.

Risk Formulation. As defined in Eq. 7, Risk is the prob-
ability that the drug exposure is outside the therapeutic win-
dow. A related metric usually employed by clinicians is
confidence which is understood as the probability that the
drug exposure lies within the therapeutic window (i.e., 1-
Risk). One disadvantage of optimizing these metrics is that
they require the utilization of discrete variables, thus increas-
ing the complexity of the optimization problem. In addition,
the Risk obtained using a scenario based approach is sensi-
tive to the reduced number of scenarios considered as a
result of the definition of the binary variable p. However,
there have been a number of alternative metrics proposed for
quantifying the risk associated with a decision made under
uncertainty, among them robustness, conditional value-at-risk
(CVaR), and downside risk. All of them can be formulated
without the use of discrete variables.

Robustness'” or variability is defined as the standard devi-
ation of the selected performance measure, specifically drug
exposure in our case. Note that robustness does not involve
the consideration of a target which is needed to account for
the therapeutic window in the dosage regimen optimization.
CVaR'® is defined as the expected “loss” in the (1—o) quan-
tile. Note that in addition to the “loss” function, which could
be defined as the deviation from the therapeutic window,
one must choose the confidence level « in order to formulate
this metric. The downside risk'® is defined as the average pos-
itive deviation below an established target. It is noteworthy
that as discussed by Barbaro and Bagajewicz,”” it can be dem-
onstrated that the downside risk is the area under the risk
curve, thus minimizing downside risk is a surrogate to finding
optimal risk solutions [i.e., solutions for problem (7)].

We will use the downside risk metric in our development
as it allows consideration of the therapeutic window as a tar-
get, and in contrast to CVaR avoids the choice of a confi-
dence level which may derive in different solutions. Notice
that our case requires the evaluation both of positive devia-
tions below as well as those above (upside risk) the thera-
peutic window. Consequently, two continuous variables must
be defined (&), and &,) which represent the positive devia-
tion from the lower and the upper threshold defined by the
therapeutic window, respectively. They are defined via Egs.
14 and 15.

TW'—j, < &% Vis (14)
§,—0" <TW"  Vis (15)

The deviation of drug exposure from the therapeutic win-
dow for a specific scenario s is thus the summation of these
two variables. We define the risk of therapeutic failure
(TRisk) as the expected value of this positive deviation as
stated in Eq. 16, where ¢, is the weight/discrete probability
associated with scenario s.

TRisk = Z 0, (5;+5ft) (16)

The formulation of the risk metric (downside risk) in Eq.
16 results in deviations equal to zero for any drug exposure
value that is within the therapeutic window. If evidence exist
that the consideration of a specific target for the drug exposure
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is more appropriate, the formulation can be easily modified to
account for the deviation above and below such a level. More-
over, a combination of these different alternatives could be
introduced into the objective function by assigning an addi-
tional weight to each type of deviation.

Scenario Selection. The solution quality of scenario-
based approaches depends on appropriately selecting the sce-
narios to be included in the evaluation of Eq. 7. Note that the
discretization of probability distributions transforms the inte-
gral included in the objective function of Eq. 7 into a
weighted sum over a few significant evaluation nodes (i.e.,
scenarios). To perform this discretization, quadrature rules are
a suitable well-known alternative for the univariate case.
However, a drawback of using multivariate quadrature rules is
that they generally suffer from the curse of dimensionality.

A typical manner of extending univariate quadrature rules
to multiple dimensions is to apply a product rule. However,
this causes the number of evaluation nodes to increase expo-
nentially. The Smolyak rule or sparse grids use a different
approach to extend univariate rules to multiple dimensions
such that the number of evaluation points increases polyno-
mially instead of exponentially. The reader is referred to
Heiss and Winschel®' for details. To show the reduction in
computational cost that can be achieved using sparse grids, a
comparison of three different multidimensional quadrature
rules is presented in Table 1.

We use Smolyak rules to select the scenarios to be
included in the stochastic optimization. As previously men-
tioned, quadrature rules in general approximate integrals
using a weighted sum of the integrand function over some
prespecified nodes. In our case, the integrand in Eq. 7 incor-
porates the posterior probability of parameters p(¢|D). This
makes more convenient representing the posterior distribu-
tion as a parametric probability density function rather than
a sample from it. Thus, to facilitate formulating the dosage
regimen optimization the variational approach is suggested
for carrying out the Bayesian inference and characterizing
the variability of the pharmacometric parameters.

Then, an approximation to the optimization problem repre-
sented by Eq. 7 can be mathematically posed as follows

Min TRisk
subject to Egs. 8 to 16

Case Studies

Two case studies are presented next to demonstrate the
capabilities of the proposed optimization approach. In both
of them compartmental PK models are used to describe drug
concentrations. They implicitly assume perfect mixing within
the compartment/organ of interest.

In these studies, the optimization problems have been
implemented using GAMS.*> The CONOPT3** and SBB**

Table 1. Number of Evaluation Nodes for Quadrature Rules
with a Level of Accuracy /=4

Product Rule Smolyak Rule
Dimensions (d) Gaussian Gaussian  Kronrod—Patterson
1 4 4 7
5 1024 286 151
10 1,048,576 1771 1201

The accuracy level is associated with the degree of the polynomial that can
be accurately approximated using the univariate rule.
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solvers have been used for solving the NLP’s and MINLP’s,
respectively.

A Smolyak rule derived from univariate Kronrod-Patterson
quadratures with Gaussian weight25 is used for the selection
of the scenarios s to be considered in the stochastic optimi-
zation. These rules are defined for standard multivariate
Gaussian distributions. Then, the following transformation
based on the spectral decomposition of the covariance matrix
is required

T=TAI" an
A1/2¢§molyak — F(‘bs_&) Vs (18)

where ¢ and T are the mean vector and covariance matrix
for the (approximate) posterior distribution of parameters
p(¢|D). T is a square matrix whose columns are the covari-
ance eigenvectors and A is a diagonal matris)n(mly\aﬁ/hose ele-
ments are its corresponding eigenvalues. ¢, are the
evaluation nodes corresponding to a standard Gaussian distri-
bution derived from a Smolyak rule.

For comparison purposes, the distributions obtained from
an MCMC approach, which provides the most accurate rep-
resentation of the uncertainty of the parameters, are also
used to find the optimal dosage regimen. This is done by
using a grid search algorithm on the dose variable. This
strategy has been implemented using the R?® software. The
DAE models are solved using the deSolve®’ package and
have been coded in C++ and integrated with R using the
Reep®® and the inline® packages.

All problems instances have been executed in an Intel i7
2.66 GHz computer.

Gabapentin

The first case study deals with individualizing the dosage reg-
imen of gabapentin which is a drug prescribed to treat neuro-
pathic pain. Data for 19 (G1-G19) patients have been collected
during the clinical studies carried out by Urban et al.> The ther-
apeutic window for gabapentin has been established®'*? in
terms of the drug concentration: the window is defined by the
lower and upper bounds, 2 and 10 ,ug/cm3, respectively.

The optimal dosage regimen for gabapentin consist of a
dose amount (Dose) and an administration interval (t) that
confines the drug concentration to the therapeutic window
when steady-state is reached. The pharmacokinetic model
used for predicting plasma concentrations is a steady-state
multidose one compartment model with first-order absorp-
tion. The analytical form resulting from an integration of the
simple DAE model is as follows

5 =pose( L) _Ka__ [exP (Zke(1=1,)) _exp (—ka(r—1,))
C(1)=D (V) ka—ke { I—exp (—k.7) 1—exp (—k,7)
19)

where F [%] is the bioavailability (i.e., the portion of the
dose that reaches the blood stream), V[cm ] is the volume of
distribution, Dose [mg] is the administered dose, &, [hfl} is
the elimination rate, k,[h™'] is the absorption rate, 7,[h] is
the lag time, ¢[h] is the time after administration, and © the
interval of administration.

Four parameters (¢), (F/V)[cm ~3], k., k,, and t, are con-
sidered to be uncertain in this model. They are characterized
using a Gaussian multivariate probability distribution which
is the result of applying the VB method to the concentration
data obtained for each patient. Note that there is a different
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Figure 2. Marginal distributions of the PK parameters for
oral administration of gabapentin for patient
G11 (continuous line: VB, dashed line: MCMC).

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

probability distribution for each patient. The marginal distri-
butions for the PK parameters of patient G11 are shown in
Figure 2. Note that the Gaussian distribution obtained using
the VB method is a good approximation to the posterior
given by the MCMC approach.

The optimization variables for this problem are Dose and
7. Note from Eq. 19 that the concentration approaches a con-
stant value with time as 7 tends to zero. Consequently, the
optimal 7 is given by the shortest possible administration
interval. We will fix the lower bound for t at three conven-
ient intervals for the patient to follow, namely 4 h, 8 h, and
12 h, and find their corresponding optimal Dose.

Tables 2 and 3 present the optimal dosage regimens that are
obtained with scenarios derived from quadrature rules with
different levels of accuracy for patients G6 and G11, respec-
tively. An approximate value for the risk is provided as a
means of comparison between different optimal dosage regi-
mens. Once the optimal dose is found, the approximate risk is
computed from a sample of the parameters drawn from their

Table 2. Individualized Dosage Regimens of Gabapentin for
Different Accuracy Levels for Patient G6

Dose Amount  Approximate  Accuracy
Interval (h) (mg) Risk (%) Level CPU s
4 524 0.1 5 1.0
516 0.1 6 5.1
508 0.1 7 18.1
500 0.1 8 61.2
8 1048 29 5 0.9
1033 2.7 6 5.4
1016 2.7 7 22.8
1000 2.6 8 74.9
12 1573 22.6 5 0.9
1549 20.9 6 7.8
1524 19.0 7 21.5
1500 17.3 8 71.7
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Table 3. Individualized Dosage Regimens of Gabapentin for
Different Accuracy Levels for Patient G11

Dose Approximate  Accuracy
Interval (/)  Amount (mg) Risk (%) Level CPUs
4 302 ~ 0.0 5 1.1
301 ~ 0.0 6 8.3
300 ~ 0.0 7 325
299 ~ 0.0 8 129.2
8 605 ~ 0.0 5 1.0
602 ~ 0.0 6 8.7
599 ~ 0.0 7 37.2
598 ~ 0.0 8 135.5
12 907 ~ 0.0 5 2.5
902 ~ 0.0 6 8.4
899 ~ 0.0 7 32.8
896 ~ 0.0 8 120.4

posterior probability distribution. This post-processing takes
an average of 2.7 Central Processing Unit (CPU) seconds.

The discretization approximation employed in the pro-
posed approach requires selection of the accuracy level / to
use for the numerical integration. Given that a higher level
provides a superior accuracy but at the cost of additional
computational effort, one should use accuracy levels higher
than / only if the difference between the performance metric
(i.e., risk) of accuracy levels / and / — 1 is sufficient to jus-
tify that computational effort. Note that the optimization pro-
grams formulated using accuracy level 7 do not generate
very different results from those obtained using accuracy
level 8. However, the computational time associated with ac-
curacy levels 7 is around 28 CPU seconds, which represent
approximately 28% of the time required to find the optimal
solution using an accuracy level of 8. These are reasonable
times in which to offer support for clinical decision making.
In the subsequent discussion of the results for this case study
we will utilize those obtained with an accuracy level of 7.
The computational time of the optimization programs is
given in the fifth column (CPU s) of Tables 2 and 3, and
their associated size is presented in Table 4.

In addition, the approximate risk allows comparing opti-
mal doses for different intervals of administration. For
instance, patient G6 could take 1524 mg twice a day which
has approximately 19.0% risk of drug concentrations depart-
ing from the therapeutic window. Such a risk can be reduced
by 16.3% if the patient takes 1016 mg every 8 h. Similar
therapeutic results could be expected for the different pro-
posed optimal dosage regimens (e.g., 599 mg every 8 h, 899
mg twice a day) for patient G11.

Figure 3 shows the risk level plots obtained using the pos-
terior probability distribution of parameters resulting from the
MCMC approach for patients G6 and G11. Contour plots are
also drawn in increments of 5%. In this figure, the dosage reg-
imens proposed by the optimization approach are shown as
dots. Notice that they are located inside the innermost contour
indicating that they are near optimal solutions.

Table 4. Size of Optimization Problems for Different Levels
of Accuracy for the Gabapentin Case

Accuracy Number of Number of
Level Scenarios Equations Variables
5 401 10,046 10,048
6 993 24,846 24,848
7 2033 50,846 50,848
8 3793 94,846 94,848
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Figure 3. Overlaid risk contour and level plots for dos-
age regimens of patients G6 and G11.
These plots are obtained using the results from the
MCMC approach. The individualized dosage regimens
proposed by the stochastic optimization are shown as
dots. [Color figure can be viewed in the online issue,
which is available at wileyonlinelibrary.com.]

Tables 5, 6, and 7 present a quantitative assessment of the
quality of the solutions proposed by the optimization
approach for all 19 patients for the 4 h, 8 h, and 12 h admin-
istration interval, respectively. These tables show in the fifth
and sixth columns the “true” optimal doses and their corre-
sponding risk both obtained by a grid search for the dose
using a step of 5 mg and the probability distribution of pa-
rameters resulting from the MCMC approach. Also, the
“true” risk (i.e., computed using the posterior distribution
from the MCMC) associated with the optimal dose proposed
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by the stochastic optimization approach and its deviation or
gap from the “true” optimal solution are presented in the
fourth and last column, respectively. The average gaps are
0.01, 0.01, and 2.94%, while the worst gaps found are 0.11,
0.02, and 11.49% for intervals of administration values of 4,
8, and 12 h, respectively. In general, greater solution gaps
are found for longer administration intervals because of the
associated increase in concentration variability. Notice that
for patient G18, the gap of the stochastic optimization solu-
tion for an interval value of 12 h is 11.49%; however, this
gap is eliminated for a dosing interval of 8 h. The computa-
tional time required to find the “true” optimal value is 126
CPU seconds in average. Using the stochastic optimization
approach this burden is reduced by 78%.

Constraints regarding the dose amount are commonly
faced when dealing with drugs administered orally. Tablets
or capsules are normally manufactured and marketed in only
a few different drug quantities, thus restricting the dosing
amount to be a multiple of them. This fact requires the sto-
chastic optimization problem to be treated as an MINLP.
Suppose that the dose amount can take only values that are
multiple of 50 mg. For illustrative purposes, we have solved
this form of the problem for patient G6 and shown the
results in Table 8. The size of this problem is the same as its
NLP counterpart except that one of the variables is integer.
The optimal doses obtained using the MCMC—grid search
are different from the optimization approach for the 8§ h and
12 h interval solutions. The “true” optimal doses are 1050
mg and 1400 mg which results in an associated gap value of
0.02% and 1.66% for an interval of 8 h and 12 h, respec-
tively. The computational time associated with the search
grid is 105 CPU seconds on average which is favored by the
fact that the dose amount is an integer multiple of 50 mg.
Nonetheless, the computational time can be reduced by
approximately 70% using the MINLP optimization.

Cyclophosphamide

Cyclophosphamide (CY) is a drug which is used for treat-
ing a variety of malignancies as well as an immunosuppres-
sant agent in hematopoietic stem cell transplant therapies.*
CY undergoes various metabolic transformations, relevantly:
CY is activated in the body to Hydroxy-cyclophosphamide
(HCY) which is then metabolized to Carboxyethylphosphora-
mide mustard (CEPM).>** One of the side effects associated
with the use of CY as therapy for hematopoietic cell trans-
plant is liver damage. A study carried out by McDonald
et al.** has found that liver toxicity developed after the ther-
apy is associated with increased exposure to CEPM. The ex-
posure has been quantified as the area under the curve
(AUC) of the concentration-time profile over the interval
from zero to 48 h. A therapeutic window of 325*25 mol/
dm’h has been established for the CEPM AUC, while main-
taining HCY AUC over 50 mol/dm°’h.

This example is based on the PK data obtained in the clini-
cal trial carried out by Salinger et al.’ The clinical trial was
conducted for 20 (C1-C20) patients. Plasma concentrations of
HCY and CEPM were quantified. Blood sampling was done
after administration of 45 mg/kg (Dose;) of a CY infusion
over approximately 1 h. A second dose (Dose,) was then indi-
vidualized and administered 24 h after the start of the first
CY dose to achieve the target AUCs for CEPM and HCY.

The PK model is described by the following system of
nonlinear differential equations
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Table 5. Comparison of Dose Amounts Proposed by the Stochastic Optimization and the MCMC Approaches Corresponding
to an Administration Interval of 4 h for the Gabapentin Case Study (Accuracy Level =7)

NLP MCMC - Grid Search
Patient Dose Amount (mg) Approximate Risk (%) Risk (%) Dose Amount (mg) Risk (%) Gap
Gl 449 =~ 0.00 0.03 420 0.01 0.02
G2 457 ~ 0.00 ~ 0.00 460 ~ 0.00 0.00
G3 373 =~ 0.00 ~ 0.00 350 =~ 0.00 0.00
G4 323 ~ 0.00 ~ 0.00 300 ~ 0.00 0.00
G5 424 =~ 0.00 ~ 0.00 410 =~ 0.00 0.00
G6 508 0.10 0.27 480 0.23 0.04
G7 421 =~ 0.00 ~ 0.00 400 =~ 0.00 0.00
G8 486 ~ 0.00 ~ 0.00 450 ~ 0.00 0.00
G9 594 =~ 0.00 ~ 0.00 600 =~ 0.00 0.00
G10 481 ~ 0.00 ~ 0.00 480 ~ 0.00 0.00
Gl1 300 =~ 0.00 0.01 265 ~ 0.00 0.01
GI12 404 ~ 0.00 0.12 310 0.01 0.11
GI13 314 =~ 0.00 ~ 0.00 305 =~ 0.00 0.00
Gl14 294 =~ 0.00 0.02 245 ~ 0.00 0.02
GI15 372 ~ 0.00 0.01 315 =~ 0.00 0.01
Gl6 282 ~ 0.00 ~ 0.00 270 ~ 0.00 0.00
G17 352 ~ 0.00 ~ 0.00 340 =~ 0.00 0.00
GI18 537 =~ 0.00 ~ 0.00 500 ~ 0.00 0.00
GI19 430 =~ 0.00 ~ 0.00 415 =~ 0.00 0.00
Average gap 0.01

dA (1) _ CLHOHA CLing A A where A, (¢) [umol/kg], As(r) [umol/kg], and A4(z) [umol/

ar e Vey 1(6) = Vey 1(1)Ax(1) kg] are amounts of CY, HCY, and CEPM, respectively, and

E A,(t) [dimensionless] is the amount of an autoinducible

max o . . .

dA () % Ai(r) X enzyme. k, is the infusion rate. CL,, [dm3/(h-kg)] and CL;,4

2 g 1+ enzAa (1) [dm?/(h-kg)] are noninducible and inducible clearances for

dr ECs +Al(f) CY, respectively; whereas, ke, [h™'], kney [h™'], and keepm

; ¢y [h™!] are the elimination rate constants of enzyme, HCY and

dAA'g(l‘) CLind ~ . . R CEPM, respectively. ks4 [h™'] is the conversion rate from

dr = V. A1 (1)A2(1) ~kney A3 (1) —k34A3(1) (20) HCY to CEPM. The previous six parameters are considered

dA () Y to be uncertain. Again, they are characterized for each

;[ =k34A3(t) —keepm A4 (1) patient using a Gaussian multivariate probability distribution

Dose/h, ifOh <7< 1h
ko=< Dose,/h, if24h << 25h

0,

otherwise

A1(0)=0;4,(0)=1;A3(0)=0; A4(0)=0

obtained as the result of applying the VB method to the re-
spective PK data. Figure 4 shows the marginal distributions
for these parameters corresponding to patient C11. One can
notice from this Figure that the normality assumption for the
posterior probability distribution does not hold very well in

Table 6. Comparison of Dose Amounts Proposed by the Stochastic Optimization and the MCMC Approaches Corresponding
to an Administration Interval of 8 h for the Gabapentin Case Study (Accuracy Level =7)

NLP MCMC - Grid Search
Patient Dose Amount (mg) Approximate Risk (%) Risk (%) Dose Amount (mg) Risk (%) Gap
Gl 898 0.36 0.54 895 0.54 0.00
G2 914 ~ 0.00 0.02 915 0.02 0.00
G3 745 ~ 0.00 ~ 0.00 740 =~ 0.00 0.00
G4 646 ~ 0.00 ~ 0.00 620 =~ 0.00 0.00
G5 848 ~ 0.00 0.01 800 =~ 0.00 0.01
G6 1016 241 4.00 1030 3.99 0.01
G7 843 ~ 0.00 ~ 0.00 875 =~ 0.00 0.00
G8 971 ~ 0.00 0.04 930 0.02 0.01
G9 1188 ~ 0.00 ~ 0.00 1135 =~ 0.00 0.00
G10 962 ~ 0.00 ~ 0.00 940 =~ 0.00 0.00
Gl1 599 ~ 0.00 0.01 515 =~ 0.00 0.01
Gl12 808 0.65 0.87 790 0.86 0.02
Gl13 628 ~ 0.00 ~ 0.00 625 =~ 0.00 0.00
Gl4 589 ~ 0.00 0.04 550 0.03 0.01
Gl15 743 ~ 0.00 0.01 605 =~ 0.00 0.01
Gl6 563 ~ 0.00 ~ 0.00 550 =~ 0.00 0.00
G17 704 ~ 0.00 ~ 0.00 695 =~ 0.00 0.00
G18 1074 0.89 1.32 1075 1.32 0.00
G19 861 ~ 0.00 ~ 0.00 835 =~ 0.00 0.00
Average gap 0.01
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Table 7. Comparison of Dose Amounts Proposed by the Stochastic Optimization and the MCMC Approaches Corresponding
to an Administration Interval of 12 h for the Gabapentin Case Study (Accuracy Level =7)

NLP MCMC - Grid Search

Patient Dose Amount (mg) Approximate Risk (%) Risk (%) Dose Amount (mg) Risk (%) Gap
Gl 1347 21.93 18.20 1225 13.51 4.69
G2 1371 33.84 24.15 1180 14.18 9.97
G3 1118 26.80 18.57 1025 9.39 9.18
G4 969 ~ 0.00 0.02 945 0.02 0.00
G5 1272 0.26 0.56 1270 0.56 0.00
G6 1524 19.06 19.18 1395 16.75 243
G7 1264 2.69 2.80 1230 2.21 0.59
G8 1457 5.03 5.47 1405 4.87 0.60
G9 1781 12.51 9.70 1575 0.64 9.07
G10 1443 19.61 16.45 1345 10.49 5.96
Gl1 899 0.01 0.07 880 0.06 0.01
Gl12 1212 15.74 14.08 1130 12.31 1.77
Gl13 942 0.10 0.28 940 0.28 0.00
Gl4 883 0.20 0.71 870 0.69 0.02
Gl15 1115 0.02 0.12 1125 0.11 0.00
Gl6 845 0.40 0.49 860 0.45 0.04
G17 1056 ~ 0.00 =~ 0.00 1065 ~ 0.00 0.00
Gl18 1611 40.05 32.84 1340 21.35 11.49
GI19 1291 0.78 1.31 1275 1.27 0.04
Average gap 2.94

this case. However, it will exemplify the existing trade-off
between accuracy and computational expense.

The additional parameters, V., [dm3/kg], E . ax [dimension-
less], and ECs, [,umol/dm3] are assumed constant at 0.694
dm’/kg, 5, and 0.6 umol/dm?, respectively. Ep. and ECs
are enzyme synthesis parameters. V., [dm?/kg] is the appa-
rent volume of distribution of CY. Plasma concentrations are
predicted by dividing the amounts by their respective vol-
umes of distribution. The HCY and CEPM volumes (Vycy,
Veepm) are assumed equal to 0.013 dm3/kg. Finally, Dose, is
the dose infused after 24 h and is the optimization variable.

We use the orthogonal collocation approach for this opti-
mization model. Ten elements including four collocation
points corresponding to the roots of a Legendre polynomial
are utilized. Note that the AUC’s can be easily formulated
using the collocation points which are related to a Gauss-
Legendre quadrature rule as shown in Eq. 21. Here, w,. is the
weight associated with collocation point c.

AUC,EY  (ter1171e1) D Welloes Vs 1)

Table 9 presents the optimal second dose for different ac-
curacy levels for patients C5, C11, and C19. The problem
sizes and computational times are also shown in this Table.
Note that the solutions computed with accuracy levels 5 and
6 are very similar. However, the computational cost associ-
ated with an accuracy level of 5 represents in average just
15% of the cost of accuracy level 6. Therefore, the accuracy
level of 5 is selected for further analysis.

Figure 5 depicts the risk vs. Dose, plots for patients C5,
Cl11, and C19 which are generated using the posterior

Table 8. Individualized Dosage Regimens of Gabapentin for
Patient G6 Considering Dose Amount as a Multiple of 50 mg

Dose Approximate
Interval (4)  Amount (mg) Risk (%) Risk (%) CPU s
4 500 0.09 0.2 27.6
8 1000 2.40 4.06 30.2
12 1500 16.40 18.43 29.1
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distribution of parameters resulting from the MCMC approach.
The second dose amounts proposed by the stochastic optimiza-
tion approach are shown as dots. Notice that they are located
very close to the “true” minimum risk dose. As in the study
carried out for gabapentin, the optimization solutions for all
patients are listed in Table 10. The “true” risk (i.e., computed
using the posterior distributions derived from the MCMC
approach) associated with the doses proposed by the stochastic
optimization has been determined and listed in the third col-
umn of Table 10. Again, the “true” optimal doses and their
corresponding risk are obtained using a grid search with a step
of 5 mg/kg for the Dose, and the probability distribution of pa-
rameters resulting from the MCMC approach. They are pre-
sented in the fourth and fifth column, respectively.

Finally, the last column of Table 10 shows the optimal
gap between the doses proposed by the stochastic optimiza-
tion and the MCMC approach. The worst case is that of
patient C14 who could see the risk of departing from the
therapeutic window reduced by 2.31% by having a second
infusion of CY equal to 20.0 mg/kg instead of 10.7 mg/kg.
On average, the optimal risk gap corresponding to the pro-
posed stochastic optimization is 0.35%. Also note that some
improvements can be gained in some patients because of
using a continuous variable for Dose, in the stochastic opti-
mization instead of a discrete step (5 mg/kg) as the MCMC
approach does. For instance, the second dose recommended
by the stochastic optimization for patient C5 is 23.3 mg/kg
which results in a reduction in risk of 6.76% compared to
the solution proposed by the MCMC—search grid approach.
It is noteworthy that for this case study the average computa-
tional burden associated with the MCMC—search grid is
11107.3 CPU seconds, while the one associated with the sto-
chastic optimization is 148.8 CPU seconds. This represents a
reduction of two orders of magnitude or 98.7% in terms of
computational time.

Concluding Remarks

This work proposes a stochastic optimization approach to
the individualization of dosage regimens. This framework
can accommodate in the optimization model the distributions

September 2013 Vol. 59, No. 9 AIChE Journal
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[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

of pharmacometric parameters that are obtained using Bayes-
ian inference. This is accomplished by selecting a set of sce-
narios using an efficient multivariate quadrature rule, the
Smolyak rule. The case studies presented herein model the
uncertainty using a Gaussian distribution and a correspond-
ing Smolyak rule with Gaussian weights. Nevertheless, other
more general unweighted Smolyak rules can be used for
other type of probability density functions. Moreover, the
proposed framework is capable of dealing with general phar-
macometric models comprised of a set of differential-alge-
braic equations. As objective function, the side risk has been
chosen. This metric can serve as a surrogate for drug expo-
sure risk and offers the advantage that it does not require in-
teger variables for its formulation.

Solutions obtained from a grid search algorithm which uses
posterior distributions of parameters generated by a MCMC
approach are used as benchmark. Numerical results from two
case studies, the individualization of dosage regimen for gaba-
pentin and CY, have shown that low risk optimal solutions
can be obtained by the proposed framework. Indeed, the opti-
mal gap from the “true” solutions (i.e., the one obtained by
the search grid algorithm) is on average just 1.0% and 0.35%
for the gabapentin and CY case, respectively.

With regard to the computing savings, the proposed optimi-
zation framework can reduce very significantly the required

computational time compared to the grid-search algorithm
when applied to complex models while producing closely sim-
ilar results. For the gabapentin case for which the PK model
is algebraic, this reduction is around 60%. However, we
should point out that even for the search grid approach the
computational time is very reasonable (around 100 CPU sec-
onds). For the more complex CY case, the computational time
can be reduced from 11,107 to 149 CPU seconds using the
proposed optimization framework. Notice that despite the fact
that the normality assumption we employ for the VB approach
does not hold well for the CY case, as shown in Figure 4, a
good compromise between accuracy and computational cost
can be achieved. Specifically, the computational cost can be
reduced up to 99% if the clinician is willing to accept an opti-
mal gap up to 2.3% for the risk of departing from the thera-
peutic window. Such a reduction can help to partially
alleviate deployment issues preventing the implementation of
dosage regimen individualization in clinical practice.

We have assumed that the therapeutic window is fixed
and equal for every patient. However, variability in PD has
been also recognized in the literature.”> A systematic
approach to these additional uncertainties imposes the need
for estimating both the PK and the PD parameters in an inte-
grated fashion. This integration increases the number of
uncertain parameters to be estimated and thus the

Table 9. Optimal Second Doses of CY Obtained Using Different Accuracy Levels for Patients C5, C11, and C19

Patient Dose, (mg/kg) Accuracy Level Scenarios Number of Equations Number of Variables CPU s
C5 22.8 3 64 33,601 31,042 24
23.1 4 207 108,676 100,397 16.2

233 5 520 273,001 252,202 107.3

24.0 6 1193 626,326 578,607 916.0
C11 40.7 3 73 38,326 35,407 1.6
41.9 4 245 128,626 118,827 10.6

43.6 5 615 322,876 298,277 59.6

44.1 6 1402 736,051 679,972 249.1
C19 109.5 3 73 38,326 35,407 2.9
111.5 4 244 128,101 118,342 31.0

1123 5 611 320,776 296,337 160.0

1123 6 1389 729,226 673,667 1211.2
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Figure 5. Risk vs. second dose amount curves for,
from left, C5, C11, and C19.
These curves were obtained using the MCMC results.
The individualized second dose amounts proposed by
the stochastic optimization are shown as dots. [Color

figure can be viewed in the online issue, which is avail-
able at wileyonlinelibrary.com.]

computational burden associated with it. Part of our ongoing
research includes the development of computational decom-
position alternatives that exploit the structure of PK/PD pa-
rameter correlation in integrated models. We believe that the
stochastic optimization approach advocated in this work will
allow us to handle higher dimensionality parameter spaces
whereas with the MCMC approach that becomes computa-
tionally prohibitive as suggested by our second case study.
The optimization framework proposed in this work can be
easily extended for incorporation into an adaptive stochastic
model predictive control scheme for other drugs adminis-
tered during long periods. Such a control scheme can be
suitable for monitoring the dynamics of parameters and
adapting them to potential changes as the patient ages and/or

Table 10. Comparison of the Individualized Doses of CY
Resulting From the Stochastic Optimization and the MCMC

Approach
NLP MCMC - grid search
Dose, Dose,
Patient (mg/kg) Risk(%) (mg/kg) Risk (%) Gap
Cl1 55.1 68.54 60.0 67.80 0.74
Cc2 75.8 79.00 75.0 78.90 0.10
C3 74.9 78.48 80.0 78.20 0.28
C4 5.9 72.05 5.0 70.70 1.35
C5 233 30.24 25.0 37.00 —6.76
C6 32 81.20 5.0 82.10 -0.90
C7 58.3 83.33 50.0 83.00 0.33
C8 121.7 81.49 130.0 80.39 1.10
c9 39.0 90.65 30.0 89.70 0.95
C10 60.0 61.02 65.0 60.40 0.62
Cl11 43.6 72.28 50.0 71.80 0.48
C12 56.5 59.30 60.0 58.20 1.10
C13 11.6 67.93 15.0 66.60 1.33
Cl4 10.7 7291 20.0 70.60 2.31
Cl15 171.9 85.46 165.0 86.20 —0.74
Cl16 81.3 73.80 90.0 72.10 1.70
C17 166.3 82.19 165.0 82.30 —0.11
C18 95.3 78.58 105.0 77.40 1.18
C19 112.3 81.46 100.0 81.10 0.36
C20 106.8 78.15 120.0 76.60 1.55

Average gap 0.35
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disease evolves. The sequential update of the parameter dis-
tributions as data is collected can be carried out using the
VB framework which is computationally efficient. Then, the
posterior distribution derived from this update can be trans-
lated into the scenarios to be considered in the stochastic
control algorithm.

Since scenario-based stochastic optimization has been
extensively used in other domains, the approach proposed in
this work which couples (1) Bayesian inference for the
uncertainty characterization and (2) sparse grids for scenarios
selection may have general relevance beyond the pharmaco-
metrics domain.
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Notation

collocation points

finite elements

element that includes the time point associated
with 7

points (time) of interest

scenarios

c, (,‘/,C”, o
e
E;

1
N

Parameters

vector/matrix of experimental data

component of the Lagrange polynomial for element

e associated with collocation point ¢

time point associated with element ¢ and colloca-

tion point ¢

TW! = lower limit for the therapeutic window (i.e., effi-
cacy level)

TW?" = upper limit for the therapeutic window (i.e., toxic-
ity level)

~
1l

w. = weight of the Gauss-Legendre quadrature rule asso-
ciated with collocation point ¢
x, = set of initial conditions

vector of parameters defining the approximate
probability distribution ¢

0, = weight/discrete probability associated with scenario s
¢, = vector of parameters for scenario s

vector of means of a Gaussian distribution of parameters

vector of evaluation nodes from a Smolyak rule for

scenario §

I" = eigenvectors of the variance-covariance matrix

A = diagonal matrix of eigenvalues of the variance-co-
variance matrix

X = variance-covariance matrix

Binary Variables
p = 0 if the predicted drug exposure is inside the thera-
peutic window, 1 otherwise

Continuous Variables
Risk = Risk of drug exposure departing from the therapeu-
tic window
TRisk = A surrogate to risk of drug exposure departing
from the therapeutic window
u = vector of control/decision variables
x = vector of state variables
y = vector of predicted values
0;, = positive deviation from the lower threshold of the
therapeutic window
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0}, = positive deviation from the upper threshold of the
therapeutic window

Jees = vector of state values corresponding to finite ele-
ment e and collocation point ¢ for scenario s

Functions

f = vector function relating the state variables x to the
predicted observations
g = vector of differential equations
5 = vector of algebraic equations
KL = Kullback-Leibler divergence
L(D|¢) = likelihood of the data D given a specific set of
parameters
L = Lower bound for the logarithm of the data mar-
ginal distribution

p(¢) = prior  distribution ~ for the  pharmacometric
parameters
p(¢|D) = posterior distribution provided the pharmacometric
data D

g = the approximate probability distribution
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